Starting from a general, microscopic fermion-to-boson mapping that preserves Hermitian conjugation, we discuss truncations of the boson Fock space basis.
Pairwise correlations are often important in describing the physics of many-fermion systems. The classic paradigm is the BCS theory of superconductivity [1] , where the wavefunction is dominated by Cooper pairs which have electrons coupled up to zero linear momentum and spin; these boson-like pairs condense into a coherent wavefunction. Another example is the phenomenological Interacting Boson Model (IBM) for nuclei [2] , where many states and transition amplitudes are successfully described using only s-and d-(angular momentum J = 0, 2) bosons, which represent coherent nucleon pairs. In both cases the large number of fermion degrees of freedom are well modelled by only a few boson degrees of freedom. On the other hand, however, despite some forays by Otsuka et al. [3] , a rigorous microscopic basis for such phenomenological models is lacking.
The basic problem is to represent the underlying fermion dynamics and statistics with a boson image amenable to approximation and numerical calculation. Considerable effort has gone into mapping fermion pairs into bosons [4, 5] . However these mappings typically suffer from a variety of defects. Most, such as the Belyaev-Zelevinskii [6] and Marumori [7] mappings give rise to boson Hamiltonians with infinite expansions, that is, k-body terms with k → ∞. Convergence is slow even when "collective" fermion pairs are used. Finite but non-Hermitian boson Hamiltonians have also been derived, such as the well-known Dyson mapping [8, 9] . Such non-Hermitian mappings can mix 'physical' and non-physical or 'spurious' states [10] as discussed below.
Less well-known are finite Hermitian alternatives to the Dyson mapping, obtained by mapping commutation relations of pairs of fermion creation and annihilation operators [11, 12] . These alternatives also have drawbacks: they either require a complicated, infinite operator (our "norm" operator defined below) to project out the correct Fermi statistics, or else the entire boson Fock space must be retained, which is far more unwieldy than the original fermion problem and which defeats the purpose of boson mappings.
In this paper, by an alternate approach that maps matrix elements rather than commutation relations, we find that matrix elements of finite (specifically 1-or 2-body) fermion operators can be represented, in the full Fock space, by a finite boson image times an infinite boson "norm" or projection operator; because the image does not mix physical and spurious states projection is not needed. Furthermore the image of a Hermitian fermion operator is also Hermitian. This regains the result contained in [12] . We then give conditions under which one can obtain a finite and exact image in a truncated boson Fock space, and illustrate with an example. In the most general case the exact image is not necessarily finite, but we show how to construct higher-order k-body terms in a systematic and practical fashion which could lead to effective approximations.
Consider a fermion space with 2Ω single-particle states, and a fermion HamiltonianĤ.
The general problem is to solve the fermion eigenvalue equation
find transition amplitudes between eigenstates, and so on. To do this we require a manybody basis. Often the basis set for many-fermion wavefunctions are Slater determinants, antisymmeterized products of single-fermion wavefunctions which we can write as products of the Fock creation operators a † j , j = 1, · · ·, 2Ω on the vacuum a †
These states span the antisymmetric irreducible representation of the unitary group in 2Ω dimensions, SU(2Ω). But for an even number of fermions one can just as well construct states from N = n/2 fermion pair creation operators,
We always choose the Ω(2Ω−1) matrices A β to be antisymmetric to preserve the underlying fermion statistics, and we choose for the normalization the trace tr A α A † β = δ αβ . For this paper we represent generic one-and two-body operators bŷ
We begin with the straightforward mapping to boson states
where the b † are boson creation operators. In conjunction with this simple mapping of states we construct boson representations that follow the philosophy of the Marumori expansion [7] and preserve matrix elements of the fermion operators, for example introducing boson representationsT B ,V B , and most importantlyĤ B such that (φ α |T B |φ β ) = ψ α |T |ψ β , (φ α |V B |φ β ) = ψ α |V |ψ β , and (φ α |Ĥ B |φ β ) = ψ α |Ĥ |ψ β . In addition, because wavefunctions of the form (2) do not form an orthonormal set, we construct the norm operatorN B
with the property (φ α |N B |φ β ) = ψ α |ψ β . The construction of these operators, which will be given in detail in [13] , follow directly from the matrix elements which are found by generalizing the vector coherent state method of Reference [14] . This procedure differs from the the usual Marumori expansion in that the latter does not have an explicit norm operator.
With this mapping the fermion eigenvalue equation (1) becomes a generalized (because of the norm) boson eigvenvalue equation
Because we have defined our boson operators so as to preserve matrix elements, the original energy spectrum of (1) is found in (6) . However, because the boson space is much larger than the original fermion space, (6) also has additional spurious states that do not correspond to physical fermion states. These by construction have zero eigenvalue and do not mix with the physical space.
When one constructs the norm operator [13] one finds it can be conveniently expressed in terms of the kth order Casimir operators of the unitary group SU(2Ω),
τ (and so is both a matrix and a boson operator; the trace is over the matrix indices and not the boson Fock space)
where the colons ':' refer to normal-ordering of the boson operators. This result is also found in [10] . Expanding (7) in normal order one obtains the form [13] 
The k-body boson terms embody the fact that fermion pair creation and annihilation operators do not have the same commutation relations as do boson operators, and act to enforce the Pauli principle.
Although the representationsT B ,V B are also complicated many-body operators similar in form to (8), we can write them in compact form, a result we have not seen previously in the literature,T
where G = (1 + 2P) −1 [13] . In general the boson representations given in (7), (9) and (10) do not have good convergence properties, so that simple termination of the series in k-body terms as in, e.g., (8) is impossible and use of the generalized eigenvalue equation (6) , as written, is problematic.
The explicit forms of (9), (10) suggests, however, that these representations factor in a simple way:T B =N BTB =T BNB andV B =N BVB =V BNB , where the factored operatorŝ T B ,V B , which we term the boson images ofT ,V , have simple forms. For example, a onebody fermion operator has a one-body boson imagê
To prove factorization, one putsT BNB into normal order:
and uses [13] the completeness relation
and the resulting identities
We can also show that [T B ,N B ] = 0 from these identities.
The two-body interaction V defined in (4) can be rewritten in terms of products of two one-body fermion operators plus a remainder one-body by rearranging the fermion Fock operators. We can then map these one-body operators in terms of boson operators (10).
Because these one-body operators commute with the norm operator, the interaction will as well. Normal ordering we get
and in general one can find a image HamiltonianĤ B =T B +V B . This result, and its relation to other mappings such as the non-Hermitian Dyson mapping, is found in Marshalek [12] .
Thus any boson representation of a Hamiltonian factorizes:Ĥ B =N BĤB . Since the norm operator is a function of the SU(2Ω) Casimir operators it commutes with the boson images of fermion operators [13] , and one can simultaneously diagonalize bothĤ B andN B .
Then Eqn. (6) becomesĤ
where E All physical eigenstates of the original fermion Hamiltonian will have counterparts in (17).
It should be clear that transition amplitudes between physical eigenstates will be preserved.
Spurious states will also exist but, since the norm operatorN B commutes with the boson image HamiltonianĤ B , the physical eigenstates and the spurious states will not admix.
Identification of the spurious states is a serious though tractable problem, asN B annihilates such states; furthermore spurious states can be shifted up in the spectrum through the use of the Park operator [4] ,M =:Ĉ 2 : +4N(N −1), which has zero eigenvalue for physical states and a positive definite spectrum for spurious states.
A more critical question however is that of truncating the boson Fock space, by which we mean using states constructed from a restricted set of fermion pairs/bosons denoted by {ᾱ};
the operators in this space we denote by N B T , Ĥ B T , and so on, and are straightforward to construct: for example, the norm operator is
where
These truncated representations still exactly preserve the matrix elements in the restricted fermion space: (φᾱ| N B T φβ = ψᾱ ψβ and so on. This is true even when the truncated set of fermion pairs represented do not form a closed subalgebra, a fact apparently overlooked previously [10] . It should be evident that the truncated representations still do not mix physical and spurious states.
Although the representations remain exact under truncation, the factorization into the image does not persist in general: Ĥ B T = Ĥ B T N B T . This was recognized by Marshalek [12] and arises because the completeness relation (13) in general is only satisfied if the complete Fock space is used. (An alternate formulation found in [12] does not require the complete Fock space, but mixes physical and spurious states and so always requires a projection operator.)
We can however find a sufficient condition such that a factorization
does exist, withH B at most two-body; then with a further, stricter condition can guaranteē H B is Hermitian and commutes with N B T . First, consider a partition of the single fermion states labeled by i = (i a , i c ), where the dimension of each subspace is 2Ω a , 2Ω c so that Ω = 2Ω a Ω c . We denote the amplitudes for the truncated space as A † α and assume they can
Furthermore we assume the completeness relation (13), which was crucial for proving thatĤ B =Ĥ BNB , is valid for the truncated space,
A necessary condition is that the the set of operators, Âᾱ ,Â † β , Âᾱ ,Â † β form a closed subalgebra, as in the example given below.
The norm operator in the truncated space then becomes
P . In this case the boson image of a one-body operator is the truncation of the boson image in the full space,
The representation of a two-body interaction can be factored into a boson image times the truncated norm,
but in the case where only (20) holds, however,V B , while finite (1+2-body), is not simply related to [V B ] T as is the case for one-body operators and in fact is not necessarily Hermitian.
We will discuss this general case elsewhere [13] . Suppose one has the additional condition
where the factor N a = Ω a (2Ω a + (−1) p ) is the number of pairs in the excluded subspace;
while condition(25) looks complicated there are interactions that satisfy it, for example, twobody interactions constructed from one-body operatorsV =TᾱβTᾱ′β′ whereTᾱβ = A † α , Aβ .
When (25) is satisfied thenV B is Hermitian and althoughV B = [V B ] T they are simply related:
with f Ωa = 4Ω The SO (8) and Sp(6) models [15] belong to a class of models which have a subspace for which (20) is valid. In these models the shell model orbitals have a definite angular momentum j and are partitioned into a pseudo orbital angular momentum k and pseudospin
The amplitudes are then given as products of Clebsch-Gordon coefficients, Not all interactions satisfy (25); for example, the pairing interaction never does [13] except in the full space. In such cases the factored boson image is usually non-Hermitian states. This is because the norm is a singular operator with null eigenvalues; even though the representations have zero matrix elements between physical and spurious states, by factoring out the norm one essentially is dividing zero by zero which can lead to mixing.
For truncation schemes where the conditions (20) or (25) do not hold, it is better to define a hermitian image Hamiltonian
Because the norm is a singular operator it cannot be inverted.
from the norm only in the physical subspace, with the zero eigenvalues which annihilate the spurious states retained. ThenH B does not mix physical and spurious states. When the image commutes with the norm this is equivalent to our previous definition.
H B is not necessarily finite; it may have an infinite expansion which for purposes of discussion we sketch asH
We now argue that calculation of the coefficients θ k for the k-body term can be done in a straightforward manner. Because the norm operator is of the form (8), the operator Ñ B We emphasize the utility of this "linked-cluster" expansion similar to that of [16] . Suppose the series (28) converges fast enough that truncation to 4-body terms is sufficient even 
which does not give the correct ground state energy. Because condition (25) does not hold one cannot use (26) to obtain the image; instead (27) yields the correct answer:
Applications to realistic systems will be discussed in future investigations.
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